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Abstract

The generalized bivariate Morgenstern family extends the classical Mor-
genstern framework to enhance the dependence structure between vari-
ables. This study examines the dependence between the marginal variables
through copula-based techniques and further explores the distributional
properties of concomitants of order statistics arising from the generalized
Morgenstern-type bivariate exponential distribution.
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1 Introduction

Let(X1, Y1) , (X2, Y2) , . . . , (Xn, Yn) be a random sample of size n drawn from a

continuous bivariate population (X, Y) with c.d.f FX,Y (x, y). Arranging the sam-

ple in non-decreasing order of its X-component yields the corresponding order

statistics X1:n ≤ X2:n ≤ . . . ≤ Xn:n.The Y-values corresponding to these order
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statistics areY[1:n], Y[2:n], . . . , Y[n:n] and are referred to as the concomitants of or-

der statistics. The concept of concomitants was introduced by David (1973) and

independently by Bhattacharya (1974) under the term induced order statistics.

Extensive research has examined the distributional properties of concomi-

tants, assuming i.i.d random variables. Foundational contributions include the

works of David (1973), David and Galambos (1974), and Yang (1977). Subse-

quent notable studies were carried out by Bairamov et al. (2001), Scaria and Nair

(2005, 2008), Beg and Ahsanullah (2008), Scaria and Thomas (2008), Ahsanul-

lah (1994),Thomas and Veena (2014) and Thomas and Scaria (2011). Yeo and

David (1984) demonstrated an important use of concomitants within selection

procedures.

Scaria and Thomas (2013) introduced second order concomitants of order

statistics to minimize measurements of highly expensive or difficult-to-measure

objects. This technique has been further explored by Barakat et al. (2025), who

studied second-order concomitants within the Cambanis family and examined

related information measures.

When the process of data generation is governed by random mechanisms, it

becomes necessary to determine appropriate probability distributions to represent

the data precisely. In scenarios where two variables jointly contribute to the data

generation, bivariate distributions provide the natural modelling framework. A

well-known illustration is the Morgenstern family of distributions (1956), which

is specified by the joint distribution function.

FX,Y (x, y) = FX(x)FY (y)
{
1 + α

[
1− FX(x)

][
1− FY (y)

]}
, |α| ≤ 1. (1)

The family of distributions defined by equation (1) constitutes a versatile bivari-

ate modelling framework, particularly suited to contexts where initial information

about the data is available in the form of marginal distributions. This system

accommodates a wide spectrum of distributional shapes and ranges, making it

applicable to diverse practical scenarios. In many instances, the joint distribu-

tion of (X, Y) becomes relevant when the marginal forms are known and the

dependence structure, along with joint probabilities, is of analytical interest. For

example, Johnson and Kotz (1975) introduced a bivariate chi-square model that

naturally arises when the marginals follow chi-square distributions.

The family (1) serves as a suitable modelling framework in situations where

the marginal distributions of the component variables are either explicitly known

or can be reliably determined, and the dependence structure aligns with that of a
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particular member of the system. Within this framework, notable investigations

by D’Este (1981), Gumbel (1960, 1961), and Mardia (1970) have focused on

members of family (1) whose marginals follow exponential, uniform, gamma and

extreme value distributions.

An additional aspect of the Morgenstern family that has been examined in

recent studies concerns the elementary characteristics of the concomitants asso-

ciated with order statistics of the component variables. These properties provide

a convenient framework for drawing inferences and formulating decision-making

procedures. For comprehensive discussions, one may refer Bairamov et al. (2001),

Balasubramanian and Beg (1997), Scaria and Nair (1999, 2005, 2008), as well as

Nair and Scaria (2010). The analyses presented in these works highlight distinc-

tive features of individual distributions, each offering valuable insights for data

modelling and thereby enriching the systematic exploration of various families of

the Morgenstern type.

To enhance the dependence structure between variables, various modifications

of the bivariate Morgenstern distribution have been proposed in the literature.

Notable modifications are by Huang and Kotz (1999) , Bairamov and Kotz (2000)

and Bairamov et al. (2001). Veena and Thomas (2008) examined a family £ of

bivariate distribution functions which may be regarded as an extension of the

Morgenstern family of bivariate distributions defined in equation (1). The class

£ is constituted by all distribution functions that take the form given by

FX,Y (x, y) = FX(x)FY (y)+
t∑

i=1

αi

{
FX(x)

[
1− FX(x)

]}mi
{
FY (y)

[
1− FY (y)

]}pi .
(2)

where FX(x) and FY (y) represent the marginal distributions of FX,Y (x, y).The

constants mi and pi involved in (2) are real numbers greater than or equal to 1

and αi are real constants confined to lie within an interval about zero, while t is

assumed to be a positive integer.In particular when t=1

FX,Y (x, y) = FX(x)FY (y) + α
{
FX(x)

[
1− FX(x)

]}m {
FY (y)

[
1− FY (y)

]}p
. (3)

For m = p = 1, (3) simplifies the Morgenstern system defined in (1).The condi-

tional distribution function of Y given X=x is
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FY |X(y | x) =

∂

∂x
FX,Y (x, y)

fX(x)

= FY (y) + αm
{
FX(x)

[
1− FX(x)

]}m−1

×
[
1− 2FX(x)

] {
FY (y)

[
1− FY (y)

]}p
. (4)

In Section 2, we investigate the dependence structure of the generalized Morgen-

stern bivariate family of distributions, employing Kendall’s tau and Spearman’s

rho. In Section 3, the distribution theory of concomitants of order statistics for

the generalized Morgenstern-type bivariate exponential distribution is presented.

2 Dependence Measures

Dependence structures between random variables represent one of the most exten-

sively investigated themes in distribution theory. Without explicit assumptions

concerning such dependence, the construction of meaningful statistical models

becomes infeasible. In this section, we therefore examine two dependence mea-

sures used to analyse the association between two random variables governed by

the bivariate generalized Morgenstern distribution. Particular emphasis is placed

on copulas, which play a central role in the study of dependence. Dependence can

be quantified through various metrics, among which the most prominent scale-

invariant measures are Kendall’s tau and Spearman’s rho. Both of these indices

capture a specific aspect of dependence referred to as concordance. Two random

variables are said to be concordant when higher values of one variable are typi-

cally associated with higher values of the other, and likewise, lower values of one

correspond to lower values of the other.

As presented in Nelson (2006), Kendall’s tau takes the form

τ = 4

1∫
0

1∫
0

C(u, v) dC(u, v)− 1. (5)

From (3)

C(u, v) = uv + α [um(1− u)mvp(1− v)p] (6)
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and

dC(u, v) =
∂2

∂u ∂v
C(u, v)

=
∂2

∂u ∂v
[uv + α (um(1− u)mvp(1− v)p)]

= 1 + αmpum−1(1− u)m−1(1− 2u) vp−1(1− v)p−1(1− 2v). (7)

Thus, substituting (6) and (7) into (5), we obtain

τ = 8αmp
Γ(m) Γ(m+ 1)

Γ(2m+ 2)

Γ(p) Γ(p+ 1)

Γ(2p+ 2)
. (8)

Dependence strength is controlled by α,m and p.Positive α gives positive depen-

dence, negative α gives negative dependence. The Gamma ratios act like weights

that shrink or amplify dependence. Larger m or p generally reduce the value of

τ ,because the Gamma ratios decrease as the parameters grow. This means de-

pendence weakens as the marginals become more “peaked” or heavy-tailed. Even

with α = 1, τ , does not reach ±1. This makes it suitable for modelling weak

dependence structures.

Invoking the definition of Spearman’s rho, we arrive at

ρ = 12

1∫
0

1∫
0

[
C(u, v)− uv

]
du dv. (9)

Employing (6) within (9), we deduce that

ρ = 12αB(m+ 1,m+ 1)B(p+ 1, p+ 1). (10)

Just like Kendall’s tau, Spearman’s rho is proportional to α.For larger m or p,the

Beta values in (10) decrease, so becomes smaller.This means dependence weakens

as marginals become more concentrated or heavy-tailed. This makes it suitable

for weak dependence modelling.
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3 Distribution of Concomitants from Bivariate

Generalized Morgenstern Type Exponential

Distribution

Among the family introduced in (3), one notable member is the bivariate expo-

nential distribution, defined through its distribution function,

FX,Y (x, y) =

[
1− exp

(
−x

θ1

)][
1− exp

(
−y

θ3

)]
+ α

[(
1− exp

(
−x

θ1

))
exp

(
−x

θ1

)]m [(
1− exp

(
−y

θ2

))
exp

(
−y

θ2

)]p
x, y > 0 ; θ1, θ2 > 0.

From Thomas (2015), the c.d.f. of Y[r:n] is

FY[r:n]
(y) = FY (y) + αm

B(m+ r − 1, m+ n− r)

B(r, n− r + 1)

n− 2r + 1

2m+ n− 1

{
FY (y) [1− FY (y)]

}p
.

(11)

From (11)

FY[r:n]
(y) =

(
1− exp

(
− y

θ2

))
+ αm · B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n+ 1

×
[(

1− exp

(
− y

θ2

))
exp

(
− y

θ2

)]p
, 0 < y < ∞.

From Thomas (2015), p.d.f of Y[r:n] is

fY[r:n]
(y) = fY (y)

[
1 + αmp · B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1

×
{
FY (y) [1− FY (y)]

}p−1[
1− 2FY (y)

]]
.
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Hence

fY[r:n]
(y) =

1

θ2
exp

(
− y

θ2

)[
1 + αmp · B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1

×
[(

1− exp

(
− y

θ2

))
exp

(
− y

θ2

)]p−1 [
2 exp

(
− y

θ2

)
− 1

]]
, y ≥ 0.

(12)

Employing the formula for the density of order statistics in (12), we deduce

fY[r:n]
(y) = fY (y) + αmp · B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1
·B(p, p+ 1)

×
[
fp:2p(y)− fp+1:2p(y)

]
(13)

= fY (y) + A
[
fp:2p(y)− fp+1:2p(y)

]
(14)

where

A = αmp · B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1
·B(p, p+ 1) (15)

and fr:s(y) is the p.d.f of Yr:s , r,s = 1,2,...

From (14) the kth moment of Y[r:n] may be obtained in the form

µ[r:n](k) = µ(k) + A
[
µ
(k)
p:2p − µ

(k)
p+1:2p

]
(16)

where

µ(k) = E
(
Y k
)

and

µ(k)
r:s = E

(
Y k
r:s

)
, r : s = 1, 2, . . .

For an exponential distribution with mean θ, the expectation of the rth order

statistic from a sample of size n is expressed as

µr:n = θ

n∑
j=n−r+1

1

j
.
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Therefore, if Xp:2p and Xp+1:2p are the pth and (p + 1)th order statistics from a

sample of size 2p from an exponential distribution with mean θ, then

µp:2p = θ

2p∑
j=p+1

1

j

and

µp+1:2p = θ

2p∑
j=p

1

j
.

Hence

µp:2p − µp+1:2p = θ

(
2p∑

j=p+1

1

j
−

2p∑
j=p

1

j

)

= − θ

p
. (17)

Also

V (Xp:2p) = θ2
2p∑

j=p+1

1

j2

and

V (Xp+1:2p) = θ2
2p∑
j=p

1

j2
.

Hence

µ2
p:2p = θ2

( 2p∑
j=p+1

1

j

)2

+

2p∑
j=p+1

1

j2


and

µ2
p+1:2p = θ2

( 2p∑
j=p

1

j

)2

+

2p∑
j=p

1

j2

 .
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Hence

µ2
p:2p − µ2

p+1:2p = − θ2

[
2

p

2p∑
j=p+1

1

j
+

2

p2

]
(18)

= − θ2S (19)

where

S =
2

p

2p∑
j=p+1

1

j
+

2

p2
. (20)

Using (15), (16) ,(17) and (19), mean and variance of Y[r:n]] may be obtained as,

µ[r:n] = θ2

(
1− A

p

)
= θ2

(
1− αm

B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1
·B(p, p+ 1)

)
(21)

and

V (Y[r:n]) = θ22

(
1 +

2A

p
− A2

p2
− AS

)
. (22)

From Thomas (2015), the joint c.d.f of
(
Y[r:n], Y[s:n]

)
is

F[r,s,n] (y1, y2) =

(
1− exp

(
−y1
θ2

))(
1− exp

(
−y2
θ2

))

+ γ1

(
1− exp

(
−y1
θ2

))[(
1− exp

(
−y2
θ2

))
exp

(
−y2
θ2

)]p
+ γ2

(
1− exp

(
−y2
θ2

))[(
1− exp

(
−y1
θ2

))
exp

(
−y1
θ2

)]p
+ γ3

[(
1− exp

(
−y1
θ2

))
exp

(
−y1
θ2

)]p
×
[(

1− exp

(
−y2
θ2

))
exp

(
−y2
θ2

)]p
,

0 < y1, y2 < ∞ (23)
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where

γ1 = αm · 1

B(r, s− r, n− s+ 1)

×

{
m−1∑
j=0

(
m− 1

j

)
(−1)j B(r, s− r, m+ n+ j − s)

(
1− 2s

m+ n+ j

)}

γ2 = αm · 1

B(r, s− r, n− s+ 1)

×

{
m−1∑
j=0

(
m− 1

j

)
(−1)j B(m+ j + r − 1, s− r, n− s+ 1)

(
1− 2r

m+ n+ j

)}

and

γ3 = α2m2 · 1

B(r, s− r, n− s+ 1)

×

[
m−1∑
j,k=0

(
m− 1

j

)
(−1)j

(
m− 1

k

)
(−1)kB(m+ k + r − 1, s− r, m+ n+ j − s)

− 2
m−1∑
j,k=0

(
m− 1

j

)
(−1)j

(
m− 1

k

)
(−1)kB(m+ k + r, s− r, m+ n+ j − s)

− 2
m−1∑
j,k=0

(
m

j

)
(−1)j

(
m− 1

k

)
(−1)kB(m+ k + r − 1, s− r, m+ n+ j − s)

+ 4
m−1∑
j,k=0

(
m

j

)
(−1)j

(
m− 1

k

)
(−1)kB(m+ k + r, s− r, m+ n+ j − s)

]
.
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Joint probability density function corresponding to (23) is

f[r,s:n](y1, y2) =
1

θ22
exp

(
−y1 + y2

θ2

)
×

[
1 + γ1p

{
2 exp

(
−y2
θ2

)
− 1

}{(
1− exp

(
−y2
θ2

))
exp

(
−y2
θ2

)}p−1

+ γ2p

{
2 exp

(
−y1
θ2

)
− 1

}{(
1− exp

(
−y1
θ2

))
exp

(
−y1
θ2

)}p−1

+ γ3p
2

{
2 exp

(
−y1
θ2

)
− 1

}{
2 exp

(
−y2
θ2

)
− 1

}
×
{(

1− exp

(
−y1
θ2

))
exp

(
−y1
θ2

)}p−1{(
1− exp

(
−y2
θ2

))
exp

(
−y2
θ2

)}p−1
]

0 < y1, y2 < ∞. (24)

Writing 1-2F = 1-F -F and using the representation of order statistics we write

(24) as

f[r,s:n](y1, y2) = fY (y1)fY (y2)

+ γ1pfY (y1) {B(p, p+ 1)fp:2p(y2)−B(p, p+ 1)fp+1:2p(y2)}
+ γ2pfY (y2) {B(p, p+ 1)fp:2p(y1)−B(p, p+ 1)fp+1:2p(y1)}
+ γ3p

2 {B(p, p+ 1)fp:2p(y1)−B(p, p+ 1)fp+1:2p(y1)}
× {B(p, p+ 1)fp:2p(y2)−B(p, p+ 1)fp+1:2p(y2)} . (25)

where

fp:2p(y) =
(2p)!

(p− 1)! p!
[F (y)]p−1 [1− F (y)]p f(y)

=
(2p)!

(p− 1)! p!
θ2

(
1− exp

(
− y

θ2

))p−1

exp

(
−(p+ 1)y

θ2

)
, y ≥ 0

and

fp+1:2p(y) =
(2p)!

p!(p− 1)!
[F (y)]p [1− F (y)]p−1 f(y)

=
(2p)!

p!(p− 1)!
θ2

(
1− exp

(
− y

θ2

))p

exp

(
−p y

θ2

)
, y ≥ 0.
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Product moments for l, k > 0 are given by

µ[r,s:n](l, k) = E
(
Y l
[r:n] Y

k
[s:n]

)
= µ(l) µ(k) + γ1 p

[
B(p, p+ 1)µ

(k)
p:2p −B(p, p+ 1)µ

(k)
p+1:2p

]
µ(l)

+ γ2 p
[
B(p, p+ 1)µp:2p(l)−B(p, p+ 1)µ

(l)
p+1:2p

]
µ(k)

+ γ3 p
2
[
B(p, p+ 1)µ

(l)
p:2p −B(p, p+ 1)µ

(l)
p+1:2p

] [
B(p, p+ 1)µ

(k)
p:2p

−B(p, p+ 1)µ
(k)
p+1:2p

]
. (26)

Hence from (17) and (26), we obtain

µ[r,s:n] = θ22 − θ22 γ1B(p, p+ 1)

− θ22 γ2B(p, p+ 1)

+ θ22 γ3
[
B(p, p+ 1)

]2
. (27)
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Using (21) and (27) it follows that

Cov
(
Y[r:n], Y[s:n]

)
= µ[r,s:n] − µ[r:n] µ[s:n]

= θ22 − θ22 γ1B(p, p+ 1)

− θ22 γ2B(p, p+ 1)

+ θ22 γ3
[
B(p, p+ 1)

]2
− θ2

(
1− αm

B(m+ r − 1, m+ n− r)

B(r, n− r + 1)

n− 2r + 1

2m+ n− 1
B(p, p+ 1)

)
× θ2

(
1− αm

B(m+ s− 1, m+ n− s)

B(s, n− s+ 1)

n− 2s+ 1

2m+ n− 1
B(p, p+ 1)

)

= θ22 B(p, p+ 1)

(
αm

B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1

+ αm
B(m+ r − 1, m+ n− r)

B(s, n− r + 1)
· n− 2r + 1

2m+ n− 1

− γ1 − γ2 + γ3B(p, p+ 1)

− (αm)2
B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1

× B(m+ s− 1, m+ n− s)

B(s, n− s+ 1)
· n− 2s+ 1

2m+ n− 1
B(p, p+ 1)

)
(28)

The overall covariance increases with θ2. So larger dispersion in the Y -marginal

amplifies dependence between concomitants Y[r:n] and Y[s:n]. For positive α, the

covariance tends to be positive and increases as r and s approach each other.

We propose a quick estimator for θ2 derived from the quasi-mid-range, defined

as

Tr =
Y[r:n] + Y[n−r+1:n]

2
, r = 1, 2, . . . ,

⌊
n+1
2

⌋
.
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From (24) we get

E[Tr] = E

[
Y[r:n] + Y[n−r+1:n]

2

]

=
1

2

[
θ2

(
1− αm

B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1
B(p, p+ 1)

)

+ θ2

(
1 + αm

B(m+ r − 1, m+ n− r)

B(r, n− r + 1)
· n− 2r + 1

2m+ n− 1
B(p, p+ 1)

)]

= θ2. (29)

Thus, all quartile midranges are unbiased estimators of the location parameter.

Using (22) and (28),the variance of Tr is

V (Tr) =
1
4

(
V (Y[r:n]) + V (Y[n−r+1:n]) + 2 Cov(Y[r:n], Y[n−r+1:n])

)
= 1

2
θ22

[
1− αmB(p+ 1, p)

B(r, n− 2r + 1, r)

{
m−1∑
j=0

(
m− 1

j

)
(−1)jB(r, n− 2r + 1, m+ j + r − 1)

×
(
1− 2(n− r + 1)

m+ n+ j

)
+

m−1∑
j=0

(
m− 1

j

)
(−1)jB(m+ j + r − 1, n− 2r + 1, r)

×
(
1− 2r

m+ n+ j

)}

+

[
αmB(p+ 1, p)

]2
B(r, n− 2r + 1, r)

{
m−1∑
j,k=0

(−1)j+k

(
m− 1

j

)(
m− 1

k

)

×B(m+ k + r − 1, n− 2r + 1, m+ j + r − 1)

− 2
m−1∑
j,k=0

(−1)j+k

(
m− 1

j

)(
m− 1

k

)
B(m+ k + r, n− 2r + 1, m+ j + r − 1)

− 2
m−1∑
j,k=0

(−1)j+k

(
m

j

)(
m− 1

k

)
B(m+ k + r − 1, n− 2r + 1, m+ j + r − 1)

+ 4
m−1∑
j,k=0

(−1)j+k

(
m

j

)(
m− 1

k

)
B(m+ k + r, n− 2r + 1, m+ j + r − 1)

}]
.

(30)
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The variance depends explicitly on sample size n, choice r, and dependence pa-

rameter α. Stronger dependence inflates or reduces variance depending on the

sign of α. Shape parameters m and p control the distributional form and hence

the efficiency of the estimator. The quartile midrange is less sensitive to extreme

values than the full midrange, making it particularly useful for heavy-tailed or

skewed exponential-type data. It is especially attractive in symmetric or weakly

dependent settings. The variance is minimized when the pair is as central as

possible. By symmetry of the order indices, this occurs at the median ranks.

That is, the median concomitant

Tn+1
2

=
Y
[
n+1
2

:n]
+ Y

[n−n+1
2

+1:n]

2

= Y[n+1
2

:n
]

is the statistic that minimizes variance.
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